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Direct Computation of Mach Wave Radiation
in an Axisymmetric Supersonic Jet

Brian E. Mitchell,¤ Sanjiva K. Lele,² and Parviz Moin³

Stanford University, Stanford, California 94305

The intense Mach waves radiated by the growth and decay of linear instability waves in the shear layer of a

perfectly expanded, axisymmetric jet with an initial centerline Mach number of Mj = 2.0 are directly computed
by solution of the compressible Navier± Stokes equations on a computational domain that includes both the near

and far ® elds. The directly computed far-® eld sound is compared to predictions obtained using an analysis based
on linear stability theory, Lighthill’s equation, and the Kirchhoff surface method. All of the predictions are in

good agreement with the direct computations. Using Lighthill’s equation, we demonstrate that it is essential to
properly address the acoustical noncompactness of the sources. It is also shown that linear stability theory can be

used to specify the source terms in Lighthill’s equation; the resulting predictions are also in good agreement with
the computations.

Nomenclature
ÃA = constant used in Tam±Burton analysis

c 1 = speed of sound at ambient conditions
f, f0 = temporal frequency, fundamental frequency
Ãg(g ) = spatial Fourier transform of instability wave
k = spatial wave number in x1

M j = Mach number of jet, M j = U0/ c1Rs = radius of Kirchhoff surface
R0 = jet radius
r = radial coordinate
U0 = centerline velocity of the jet at x1 = 0
Ãu = Fourier transform of axial velocity disturbance
x1 = axial coordinate
a = integrated growth rate used in Tam±Burton analysis
b = nonparallel ¯ ow correction factor used in Tam±Burton

analysis
d 2 = momentum thickness
² = small parameter in Tam±Burton analysis
g = spatial frequency used in Tam±Burton analysis
H = dilatation, H = r ¢ u
h = angle measured with respect to x1 axis
k (k, x ) = ª radial wave numberº used in Tam±Burton analysis
x = temporal wave number

Subscripts

inner = inner solution in Tam±Burton analysis
outer = outer solution in Tam±Burton analysis

Superscripts

0 = disturbance quantity
= time-averaged quantity

Ã = Fourier-transformed(in time) quantity
Ä = linear-stabilityeigenvector
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I. Introduction

T HE sound radiated by supersonic jets has received renewed
interest in recent years, e.g., Refs. 1±3, because of the devel-

opment of new supersonic aircraft. The noise from supersonic jets
generally is viewed to arise from three sources: 1) mixing noise,
2) screech, and 3) broadband shock noise.1 The goal of the present
study is to continueour work,4, 5 in which we directly computed the
far-® eld sound generated by vortex pairing in axisymmetric jets, to
investigate mixing noise in an unheated, axisymmetric jet with an
initial centerline Mach number of M j = 2.

Recent theoretical investigationshave described mixing noise in
terms of the growth and decay of instability waves that give rise to
intenseMach-waveradiation.6±12 The angleof these intenseconical
waves can be estimated as sin( w ) = 1/ Mi , where Mi is the Mach
number relative to the ambient medium at which disturbances are
propagating in the shear layer and where the angle w is de® ned in
Fig. 1. Tam and Burton,10 , 11 hereafter referred to as T&B, present
an analysis based on linear stability theory that relates the far-® eld
sound to the growth and decay of instability waves in the jet shear
layer.

Although the use of linear stability theory is quite appealing be-
cause it seeks to include the underlying physics of the problem, it
certainly is not the only approach to predicting supersonic mixing
noise. Two other available approaches are Lighthill’s equation13, 14

and the Kirchhoff surface method.15±18 These methods were con-
sidered in our earlier investigationof the sound generated by vortex
pairing,4 where they were shown to be in good agreement with the
directly computed far-® eld sound.

We present the results of two computations of a perfectly ex-
panded (to avoid shock-associatednoise), unheated, axisymmetric
jet with an initial centerline Mach number of M j = U0/ c1 = 2.0,
Reynolds number Re = q 0 R0U0/ l = 2.5 £ 103 , Prandtl number
Pr = 1, and initialmomentum thicknessof d 2/ R0 = 0.05. The com-
putationsdiffer only in the frequencyat which small spatiallygrow-
ing disturbances are introduced. In the ® rst simulation, the in¯ ow
boundaryof thecomputationis excitedat the fundamentalfrequency
f0 , which is the frequencyat which inviscid linear stability theory19

predicts that disturbances should be most ampli® ed (based on the
parallel ¯ ow assumption and using the velocity pro® le at the in¯ ow
boundary). The second simulation was excited at the ® rst subhar-
monic frequency f0/2. The Strouhal number of the fundamental
frequency is Sr0 = f0 R0/ U0 = 0.18, and the magnitude of the
forcing is suf® ciently small that the disturbancesgrow and decay in
a linear regime. This is precisely the physical situation considered
by T&B. The directly computed results are compared to predictions
obtained using the analysis of T&B, Lighthill’s equation, and the
Kirchhoff surface method. Note from the outset that the axisym-
metric instability modes considered herein are not necessarily the
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Fig. 1 Schematic of computationaldomain.

dominant instability modes in high-speed jets (see, e.g., the exper-
iments of Troutt and McLaughlin20). However, even when it is not
the dominant instability mode, the axisymmetric mode is never-
theless important and affords a computationallyinexpensivemodel
problem to study prediction methods for supersonic mixing noise.

In Sec. II, we brie¯ y summarize the numerical procedures. In
Sec. III, we present the results of the numerical simulations. The
threeacoustictheories(T&B, Lighthill’s equation,and theKirchhoff
surface method) are reviewed in Secs. IV.A±IV.C, and predictions
obtained using these theories are compared to the direct numerical
simulation (DNS) data in Sec. IV.D. The results are summarized in
Sec. V.

II. Numerical Method
Because the numericalmethod used in the current study is nearly

identical to the method used in Ref. 4, it is summarized only brie¯ y.
A schematic of the computationaldomain is shown in Fig. 1, where
it can be seen that the domain includes the region 0 · x1 ·200R0

and 0 · r · 80R0 . The grid is uniform in the x1 direction with
spacing D x1 = 0.17R0. In the r direction, the grid has spacing
D r = 0.03R0 in the near ® eld and spacing D r = 0.30R0 in the far
® eld. The governingequations are the compressibleNavier±Stokes
equations with the assumption of constant viscosity.Spatial deriva-
tives are discretizedwith fourth-order-accuratePadÂe schemes,21 and
time advancementis with the standardfourth-orderRunge±Kutta al-
gorithm with time step D tU0/ R0 = 1/ (128Sr0). Initial conditions
are obtainedby solving the compressibleboundary-layerequations.

The nonre¯ ecting boundary conditionsof Giles22 , 23 are used. To
avoid the generationof spuriousacousticwaves as near-® eld distur-
bances reach the downstream boundary at x1 = 200R0, the compu-
tations are run only until the ® rst disturbancesreach the downstream
boundary. By this point in time, the region 0 · x1 · 120R0 has
already become periodic in time. Thus, all data considered in this
paper are from the region 0 ·x1 ·120R0 . The region 120R0 ·
x1 ·200R0 serves as an exit zone.

Because the data are periodic in time, it is convenient to present
the data in terms of Fourier transforms, e.g.,

p(x1 , r ; t ) = S n

Ãp(x1, r; x n )ei x n t

III. Results
Figure2 shows theaxial developmentof themomentumthickness

d 2 . The momentum thicknessgrows quite rapidly at ® rst; in fact, the
shear layer doubles in thickness in the ® rst nine jet radii. (Note
that the wavelength of the disturbances at the ® rst subharmonic
frequency is 9.3R0.)

The growth of near-® eld disturbancesis shown in Fig. 3. The dis-
turbances grow initially, peak, and then decay. For the fundamental
frequency, the peak occurs at x1 = 25R0 , where the disturbanceam-
plitude is approximately2.5 times the initial amplitude.For the ® rst
subharmonic frequency, the peak occurs at x1 = 53R0, where the
disturbanceamplitude is approximately ® ve times the initial ampli-
tude. Note from Fig. 2 that the mean ¯ ow is not modi® ed by the
growth or decay of disturbances. Fourier transforms veri® ed that
the near ® eld is dominated by a single frequency, either the funda-
mental or the ® rst subharmonic, depending on the simulation. The
wiggle in j Ãu j at the fundamental frequency seen in Fig. 3a is due

Fig. 2 Axial growth of momentum thickness: Ð Ð , DNS and ± ± ± ,
laminar initial condition (curves are on top of one another).

a) f0

b) f0 / 2

Fig. 3 Growth of axial velocity disturbances Ãu at r = R0: ± ± ± , real ( Ãu)
and Ð Ð , j Ãuj .

to the presence of a second instability mode. We have veri® ed that
this second mode is not due to the numerical method or boundary
conditions. Although the physical nature of this second mode has
not been investigated,supersonicjets are known to supportmultiple
instability modes.24

By performing additional simulations in which the initial ampli-
tude of the disturbances was reduced, we were able to show that
disturbances are growing linearly, i.e., the peak level of the distur-
bances scales with the initial amplitude of the disturbance. These
simulations also showed that the magnitude of the far-® eld sound
scales with the initial amplitude of disturbances.

Instantaneouspictures of the far-® eld sound are shown in Fig. 4,
where we de® ned the far ® eld as the region of the ¯ ow where the
Navier±Stokes equations reduce to the linearized Euler equations
(see Refs. 4 and 5 for more details). Note the intense Mach-wave
radiation in Fig. 4. Comparing Figs. 4a and 4b, it is evident that
the computational domain is not large enough to show the fully
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a) Excited at fundamental frequency, the contours of the far-® eld di-
latation H R0 / c 1 ranging from §2 £ 10 ¡ 3 with increment 4 £ 10¡ 4

b) Excited at ® rst subharmonic frequency, the contours of the far-® eld
dilatation H R0/ c 1 rangingfrom §1.5 £ 10¡ 3 with increment 3 £ 10¡ 4

Fig. 4 Instantaneous (tc1 / R0 = 222) far-® eld dilatation for the su-
personic jet. (Lower boundary is at r = 2R0 , and upper boundary is at
80R0; vertical scale is identical to horizontal scale.)

developed far-® eld pattern at the ® rst subharmonic frequency, i.e.,
the axial extent of the computational domain is not large enough
to contain the quiet region downstream of the most intense Mach-
wave radiation. With reference to Fig. 1, the angle of the Mach
waves is w ¼ 40 deg. This is in good agreement with the estimate
sin( w ) = 1/ Mi , where Mi is the Mach number at which instabilities
are propagating. In the present case, linear stability theory shows
that Mi ¼ 1.5. Fourier transforms of the dilatation revealed that the
far ® eld is dominated by a single frequency, either the fundamental
or the ® rst subharmonic, depending on the simulation.

The directivity of the far-® eld sound is shown in Fig. 5. In this
® gure, the dilatation at a distance x from the origin (x1 = r = 0)
is plotted vs angle (h ) from the downstream x1 axis. Of particular
interest is the large variation in the magnitude of the far-® eld sound
with angle. Once again, note that the computational domain is not
large enough to capture the fully developed far-® eld sound at the
® rst subharmonic frequency.

Finally, we note that an additional simulation was performed us-
ing a smaller computational domain but with the grid spacing re-
duced by a factor of two in both directions. The results of this
additional computation agreed with the results reported earlier, in

a) Fundamental frequency

b) First subharmonic frequency

Fig. 5 Magnitude of Fourier transform of the far-® eld dilatation H =

r ¢ u at variousdistances x from the origin measured vs angleµ from the
downstream axis: ² , x = 40R0; £ , x = 60R0; +, x = 70R0; , x = 90R0;
and Ð Ð , x = 110R0.

particular for the growth of the axial velocity disturbances and the
far-® eld dilatation, to within an accuracy of 5%.

IV. Prediction Methods
In the following three subsections, we summarize the theory of

T&B, Lighthill’s equation,and the Kirchhoffsurface method.Some
results pertinent to the individual methods are presented in these
subsections,and the far-® eld predictionsfrom each method are pre-
sented together in Sec. IV.D.

A. T&B Analysis
The T&B method (see also summary in Ref. 12) is based on

a matched asymptotic expansion between an inner solution deter-
mined by use of linear stability theory and an outer solution satisfy-
ing the wave equation. The theory predicts the sound generated by
a single spatially evolving instability wave of temporal frequency
x . The inner solution is given by

ÃPinner (x1 , r; x ) = i ÃA Äp(r; x1) exp[i a (x1) ¡ b (x1)] (1)

where

a (x1) = * x1

0

k(y1) dy1

The arbitrary constant ÃA is determined with reference to the sim-
ulation. The eigenvector Äp and eigenvalue k are determined via
parallel-¯ow linear stability theory using the mean pro® les at x1.
Note that a and k are complex. (The normal modes used in linear
stabilityanalysisare of the form p 0 = Äpe ¡ i x t + i kx1 .) The eigenvector
is normalized such that, for large r ,

Äp(r ; x1)

q 0U
2
0

¼ H (1)
0 (i k r ) (2)

where k (k, x ) = [k2 ¡ ( x / c1 )2]1/ 2 and where H 1
0 (x) is the zeroth-

order Hankel function of the ® rst kind.
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The far-® eld solution is given by the Fourier integrals

ÃPouter(x1, r; x ) = i ÃA * 1
¡ 1

Ãg(g )H (1)
0 [i k (g ; x )r]ei g x1 dg (3)

where

Ãg(g ) =
1

2 p * 1
¡ 1

exp[i a (x1) ¡ b (x1)]e ¡ i g x1 dx1 (4)

In comparing with the simulation, the predicted far-® eld pres-
sure ¯ uctuations can be converted to dilatation ¯ uctuations via
ÃH TB = [i x / ( q 1 c2

1 )] ÃPouter. When computing ÃPouter and Ãg, the in-
® nite limits on the Fourier integrals are truncated, i.e., the Fourier
integrals are converted into Fourier transforms de® ned over the re-
gion 0 · x1 · 500R0 (the data are zero padded in the region
120R0 · x1 · 500R0). The Fourier transforms then are computed
using the fast Fourier transform algorithm.

All that remains is the speci® cation of the constant ÃA. It is con-
venient to specify this constant in terms of the level of the axial
velocity disturbance at x1 = 0:

ÃA =
Ãa

q 0U0 Äu(x1 = 0, r = R0)
(5)

The complex constant Ãa is determined from the simulation from
which it is given by the measured value of Ãu(x1 = 0, r = R0), i.e.,

Ãa = Ãu(0, R0). This ensures that ÃUinner matches the measured value
of Ãu at the point (x1 = 0, r = R0).

The T&B analysis is accurate to leading order, i.e., the error is
order ², where ² is a (preferably small) parameter that describes the
growth rate of the shear layer.We estimate² = (R0/ d 2)(dd 2/dx1) =
0.16 on the basis of ¯ ow conditions at x1 = 0.

Typically, linear stability analysis of jets neglects the in¯ uence of
viscosity. However, we found that the linear stability of the jet con-
sidered in this study is in¯ uenced stronglyby the viscosity.Figure 6
plots the growth rate of disturbances vs the (time) frequency of
the disturbances.Shown are linear stabilitypredictionsobtainedus-
ing the (inviscid) Rayleigh equations,19 the quasi-Orr±Sommerfeld
(QOS) equations,and the compressibleOrr±Sommerfeld equations.
The QOS equationsaredevelopedby neglectingthe energyequation
and using the incompressible form of the viscous terms in the mo-
mentum equations. This is the approach used at low Mach number
in Ref. 25. (For x = 0, the equationsare given in Ref. 26.) The com-
pressible Orr±Sommerfeld equations are the logical axisymmetric
versionof the equationsused in Ref. 27. It is evident that viscosity is
important in this problem and that the QOS equations are an excel-
lent approximationto the compressibleOrr±Sommerfeld equations.
(The Orr±Sommerfeld equations could not be solved for larger fre-
quenciesbecauseof numericaldif® culties that arise when the energy
equation is nearly decoupled from the momentum equations.)

The prediction for the growth of near-® eld disturbances is shown
in Fig. 7. At both frequencies, the predictions peak earlier than the

Fig. 6 Predicted growth rate of disturbances obtained from parallel-
¯ ow linear stability theory using the mean velocity pro® le at x1 = 0:
Ð Ð , inviscid theory (Rayleigh equation); ± ± ± , viscous theory using
the QOS equations; and ² , viscous theory using full compressible Orr±
Sommerfeld equations.

a) f0

b) f0/ 2

Fig. 7 Growth of axial velocity disturbances Ãu at r = R0: Ð Ð , DNS;
± ± ± , T&B analysis; and ¢ ¢ ¢ ¢ , T&B analysis with ¯(x1) = 0.

DNS data. At the fundamental frequency, the peak amplitude is
underpredictedby approximately 10% and at the ® rst subharmonic
the peak amplitude is overpredicted by approximately 15%. These
errors are consistent with our estimate of ² = 0.16. Also shown in
Fig. 7 is the prediction obtained by neglecting the nonparallel-¯ow
correction factor b (x1). Note that b is more important at the ® rst
subharmonic frequency. This is expected because the wavelength
of the instabilities is longer at lower frequencies and thus the mean
¯ ow changes more per instability wavelength. In fact, at the ® rst
subharmonic frequency, the momentum thickness doubles during
the ® rst wavelength of the instability.

B. Lighthill’s Equation

Lighthill’s equation13 is an exact rearrangementof the continuity
and momentum equations:

@2 q 0
@t 2 ¡ r 2

(y) q 0 =
@2

@yi @y j

Ti j ( y; t ) (6)

where the Lighthill stress tensor Ti j is given by

Ti j = q ui u j + ( p 0 ¡ c 1 q 0 )d i j ¡ s i j (7)

where s i j are the viscous stresses and the primes represent ¯ uctua-
tions about ambient values, e.g., q = q 1 + q 0 . As written, Eq. (6)
is an exact equation; approximation is introduced when the right-
hand side is speci® ed independently and the left-hand side then is
solved for the far-® eld sound. We neglect the contribution of the
viscous terms to Ti j . A component of the Lighthill stress tensor is
shown in Fig. 8; the source term has a Gaussian-likeshape. The q uu
component is the largest component of the stress tensor.

Our solution procedure is described in Refs. 4 and 5. In brief, the
solution of the Fourier transform of Eq. (6) is expressed in terms of
its Green’s function, and the resulting convolution integral is solved
numerically without any assumption about acousticalcompactness.
Note that the model introduced in Refs. 4 and 5 to handle the slow
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Fig. 8 Magnitudeof Fourier transform of a component of the Lighthill
source term ½uu integrated in the radial direction: Ð Ð , f0 and ± ± ± ,
f0 / 2.

decay(in x1) of the Lighthill stress tensoris not needed in the present
study. The radial integrals are truncated at r = 5R0.

C. Kirchhoff Surface Method
The Kirchhoff surfacemethod for predictingsound is basedon an

analytical formula that relates the far-® eld sound to integrals over a
closed surface that surrounds all acoustic sources. As the computa-
tion is run, the dilatation is saved at the location of the surface; nu-
merical quadraturethen is performedto ® nd the far-® eld sound.The
formulationused here is identical to that described in Refs. 4 and 5.
Lyrintzis16 reviews other recent aeroacoustic applications.

For the jet computations,the surfaceused is a cylinderof radius Rs

and axial extent0 · x1 ·120R0 . Because the ¯ ow in the jet’s shear
layer does not obey the acousticequations (it is, of course, governed
by the Navier±Stokes equations), the endcapsof the cylinder cannot
be includedin the Kirchhoffsurface.An alternativeviewpointis that
the ideal Kirchhoff surface should be in® nite in the axial direction
but must be limited to a ® nite length that matches the available
computationalinformation.Regardlessof the view taken,part of the
Kirchhoffsurface is left open,and it is well known that errors should
be expected (see, e.g., Refs. 17 and 18). Freund et al.17 discuss the
errors associated with using an open Kirchhoff surface and show
mathematicallythat, if the ray between the far-® eld observerand the
acoustic source intersects part of the included surface, then errors
from the missing surface should not dominate the predicted sound.
As discussed in Sec. IV.D, very quiet regions of the ¯ ow, such as
seen in the present investigation for h > 50 deg, are more sensitive
to errors from the use of an open surface.

An important issue is the appropriate radial location of the
Kirchhoffsurface. In our earlierwork,4 the locationof the Kirchhoff
surfacewas chosenbycomparingtheEuler andNavier±Stokesequa-
tions to determine where the Navier±Stokes equations reduce to the
wave equation. Such comparisons in the present study suggest that
the Kirchhoff surface can be located as close as Rs = 4R0 . The re-
sults presented in this paper were obtained for Rs = 7R0.

D. Comparison of Predictions to DNS

Predictions obtained using the analysis of T&B, Lighthill’s
equation, and the Kirchhoff surface method are compared to the
DNS data in Fig. 9. All of the methods are in good agreement with
the DNS data. The slightly larger differences between the results
obtained using the analysis of T&B and the DNS data are due to the
fact that the parameter ² is not especially small (recall that ² was
estimated as 0.16).

Note that the DNS data took a few hours of supercomputer time
to compute and the Lighthill and Kirchhoff surface methods (using
DNS source data) took a few minutes of additional supercomputer
time to compute. The results using the analysis of T&B took a few
minutes of supercomputertime to predict and (to within a constant)
did not require data from the DNS to compute. Thus the T&B anal-
ysis was by far the least expensive result to compute.

Also shown in Fig. 9 is a prediction from Lighthill’s equation
that was obtained by specifying the Lighthill stress tensor using the

a) f0

b) f0 / 2

Fig. 9 Comparisons of predictions for the far-® eld dilatation to the
directly computed results at a distance of x = 70R0 away from the ori-
gin: Ð Ð , DNS; ² , T&B; £ , Lighthill’s equation;+, Lighthill’s equation
where the stress tensor has been speci® ed using linear stability theory;
and , Kirchhoff surface method.

results of linear stability theory, i.e., the inner solution of the T&B
analysissummarized in Sec. IV.A. For example, the q uu component
is given by

ªq uu = ÃA(2 Åq Åu Äu + Äq Åu2)ei a ¡ b

where ÃA, a , and b are de® ned in Sec. IV.A and where only terms
that are linear in ÃA have been retained. We checked to make sure
that the fact that the eigenvectors are not bounded for large r once
the instabilities start to decay (see Refs. 10 and 11 for details) does
not affect the solution method. Speci® cally, we found that the pre-
dictions were independentof the choice of upper limit in the radial
direction source convolution integral if the upper limit r max was in
the range 3R0 · r max · 7R0. The predictions obtained with this
approach are similar to the T&B results. This approach is an alter-
native to the T&B analysis for using linear stability theory to predict
the far-® eld sound.

Note that the usual arguments that linear source terms represent
the interactionof acoustic waves with the mean ¯ ow and not sound
generation (see, e.g., the review of low-Mach-number, boundary-
layer noise in Ref. 28) do not apply in the present situation because
the spatial scales of the acousticwaves and the instabilitywaves are
not separated as they would be in a low-Mach-number ¯ ow. This is
because the instability waves are themselves travelingat supersonic
speeds.

The importance of not assuming acoustical compactness in the
solution of Lighthill’s equation is illustrated in Fig. 10. It is clearly
seen that the prediction obtained using the acoustical compactness
assumption underpredicts the peak sound levels by two orders of
magnitude. Also shown is a prediction obtained from Lighthill’s
equation that only included the q uu component of the Lighthill
stress tensor.This predictionis in goodagreementwith the DNS and
thepredictionobtainedusingthe full stress tensor.Thisdemonstrates
that the q uu component is the most important component in this
¯ ow.

All predictions overpredict the far-® eld sound at large h , where
the sound is less intense. The source of this error is the domain
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Fig. 10 Comparison of directly computed sound to predictions ob-
tained using various solutions to Lighthill’s equations: Ð Ð , directly
computed sound at a distance of x = 70R0 from the origin at the funda-
mental frequency; ² , Lighthill’sequation; £ , Lighthill’s equationsolved
with the assumptionof acoustical compactness; and , Lighthill’s equa-
tion solved with only the ½uu component of the Lighthill stress tensor.

Fig. 11 Gaussian source function g11: Ð Ð , magnitude and ± ± ± , real
part.

truncation in the x1 direction. For both the T&B analysis and the
solution of Lighthill’s equation, the domain truncation takes place
when acoustic sources located at x1 > 120R0 are ignored. For the
Kirchhoff surface method, the domain truncation is manifested in
the use of an open Kirchhoff surface.

To illustrate the effect of the domain truncation, consider the
Helmholtz or reduced wave equation with a source term that is
distributed over only one dimension:

r 2
(y)

Ãw + ( x

c 1 )
2

Ãw = ¡
1

c2

1
@2

@y1@y1

[g11(y1) d (y2) d (y3)] (8)

The source has a Gaussian shape,

g11(y1) = e ¡ f y2
1 exp[i ( x / c1 Mk)y1] (9)

where the variousparametersare chosento be similar to the Lighthill
source terms observed in the simulation at the fundamental fre-
quency: f = 0.003, x = 2, and Mk = 1.5. The source function is
plotted in Fig. 11. The solution of Eq. (8) is

Ãw (x1, r) = ¡
x 2

4 p c2

1
* L

¡ L

g11(y1)(x1 ¡ y1)2 exp[i ( x R/ c 1 )]

R3
dy1

(10)

where R2 = (x1 ¡ y1)2 + r 2 . Equation (10) is exact in the limit
of L approaching 1 . Solutions for different values of L illustrate
the in¯ uence of source truncation on the far-® eld sound (Fig. 12).
All of the plotted solutions give good results in the region of the
far ® eld where the sound is most intense (30 deg · h · 75 deg)
but overpredict the part of the far ® eld where the sound is very
quiet. The range of good agreement increases with L , but even for
the largest L considered, L = 120, the solution is accurate only in
the range 5 deg < h < 100 deg. Note that the source term at L =

Fig. 12 Far-® eld sound ÃÃ at x = 70 generated by the Gaussian source
g11 (plotted in Fig. 11), computed using Eq. (10) with different upper/
lower limits of integration: ² , L = 10; £ , L = 30; + , L = 40; , L = 60;
and Ð Ð , L = 120.

120 is extremely small, g11(120) = 2 £ 10¡ 19 . Physically, the quiet
regionsof the far ® eld arequietbecauseof signi® cant cancellationof
acoustic waves that were generated over the entire in® nite extent of
the source. When the source is truncated, the requiredcancellations
do not take place and the sound is overpredicted. This example
illustrates the challenge of predicting quiet regions of the far ® eld.

V. Summary
The sound radiatedby the growth and decayof small-scaledistur-

bancesin the shearlayerof anunheated,axisymmetricsupersonicjet
was directly computedby solving the Navier±Stokes equationson a
computationaldomain that includesboth the near and far ® elds. The
far-® eld sound consists of intense Mach waves. The directly com-
puteddata were compared to predictionsobtainedusing the analysis
of T&B, Lighthill’s equation,and the Kirchhoff surfacemethod. All
of the predictions are in good agreement with the DNS data. The
directly computed far-® eld sound also was compared to a predic-
tions of Lighthill’s equation in which the Lighthill stress tensor was
speci® ed using linear stability theory; this prediction was also in
good agreement with the DNS data.
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